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A DEVELOPMENT OF CONTRACTION
MAPPING PRINCIPLES
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CHENG-MING LEE

Abstract. Certain generalized Banach's contraction mapping principles on

metric spaces are unified and/or extended to Hausdorff uniform spaces. Also

given are some relationships between the set of all cluster points of the Picard

iterates and the set of all fixed points for the mapping. These are obtained

by assuming that the latter set is nonempty and by considering certain

"quasi"-contractive conditions. The ("quasi") contractive conditions are

defined by using a suitable family of pseudometrics on the uniform space.

1. Introduction. Let F be a mapping on a nonempty set X into itself. The

well-known Banach's contraction mapping principle asserts that if X with a

metric d is complete and if

F is a ¿-contraction, i.e., there exists X E [0,1)

(B) such that d(T(x), T(y)) < Xd(x,y) for all x, y E X,

then T has a unique fixed point in X which can be realized as the limit of the

Picard iterates {T"(x)} for each x in X. An extension of the principle to the

general setting for X a Hausdorff uniform space has been recently given by

Tan [10, Theorem 2.3] and by Tarafdar [11, Theorem 1.1]. On the other hand,

in the metric space setting, many authors have obtained the same conclusions

or parts of the conclusions under various conditions which are somehow

weaker than condition (B). We propose here to show how some of these results

can be unified and/or extended to the general setting. In fact, in §2, unifying

and extending some results of Rakotch [8], Sehgal [9] and Guseman [6], we

give a genuine generalization (Theorem 1) of the theorem by Tan and by

Tarafdar mentioned above, which has the same conclusions of the classical

Banach principle. To conclude, essentially only the existence of a fixed point
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for the mapping, the unified and extended sufficient conditions in Theorem 1

are somehow weakened in §3, where results (Theorems 2 and 3) are given,

extending to the general setting some of the results by Bailey [1], Belluce and

Kirk [2], Diaz and Metcalf [3], and Furi and Vignoli [5]. And then in the last

section, assuming the existence of fixed points for the mapping, some

conclusions of Theorems 1, 2, and 3 are deduced from some even weaker

sufficient "quasi" conditions. The results listed as Theorems lq, 2q, and 3q can

be viewed as certain extensions and/or variations of some results by Diaz and

Metcalf in the interesting paper [3]. Finally, we mention that some relation-

ships of the theorems and some historical aspects of their development will be

made clearer by a sequence of remarks in the context.

To fix the general setting to be followed throughout the note, it seems

helpful to note that the Banach principle involves not only a topological

structure but also a uniformity structure for the basic space, both generated

by a single metric on the space. Note also that it is known (see Kelley [7]) that

a set X has the structure to be described below if and only if X with a certain

uniformity is a Hausdorff uniform space, or if and only if X with a certain

topology is a Hausdorff completely regular space. All the terminology for the

concepts related to a topology or a uniformity will be those given in the

standard book by Kelley [7].
Now, we come to fix the general setting and indicate some simple facts

about the setting. Throughout the rest of the note, we use X to denote a

nonempty set and <? a nonempty family of pseudo-metrics on X such that the

collection {Sp(x,y): x £ X,p E 9, y E (0,+co)} forms a base for a Haus-

dorff topology for X, where Sp(x,y) is the open sphere of p-radius y about x.

Also, T denotes a self-mapping on X, and N the set of all natural numbers.

The concepts related to a topology (uniformity, resp.) for X to be concerned

will be those related to the topology (uniformity, resp.) generated by 9 when

no specification is given. Sometimes the topology (uniformity, resp.) generated

by a single p in 9 will come into play, in which case, the p will be specified.

Note that a sequence, or more generally a net {x¡} in X, converges to u if and

only if it converges to u in ^-topology (is p-Cauchy, resp.) for all p 6 9, or

equivalent^ the numbers p(x¡,u) (p(x¡,Xj), resp.) converge to zero for all

jië9. Note also for x, y E X, x ¥* y if and only if there exists p

E 9 such thatp(x,.y) > 0.

We will also use the following notations:

0(x,T) = {Tn(x):n = 0,1,2,...},

L(x, T) = { v: y is a cluster point of the net [T"(x): n E N}},

C(x, T) = 0(x, T) U L(x, T).
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Should no ambiguity be possible, we will leave the mapping T unspecified. For

convenience, sometimes the set 0(x, T) will also be considered as the net

{T"(x): n E N}, where N is directed by the ordinary order. Note that a point

in L(x) must be a limit of a subnet of the net 0(x), but it is not necessarily a

limit of a subsequence of the sequence 0(x). A subnet of the net 0(x) will be

denoted by {Tni(x): i E 1} or {Tn'(x): j e J), where the directed set 7 or 7 is

not necessarily a subset of N. The directions for 7, J will always be left

unspecified. The identiy mapping on X will sometimes also be denoted as T°.

2. A generalized Banach contraction principle.

Theorem 1. Suppose that X is sequentially complete (i.e., every Cauchy

sequence in X converges) and that the following condition holds:

(BRS) For each x E X there exists N = N(x) E N, and for each p E 9 there

exists a function Xp: [0, + oo) -* [0,1) which is monotone decreasing on (0,+oo)

such that for every fixed x G X the following inequality holds for all y E X and

allp 6 9:

p(TNM(x),TNM(y)) < Xp(p(x,y))p(x,y).

Then T has a unique fixed point u in X and for each y E X, Iim T"( y) — u.

Remark 1. This is a unification and extension of some essential results due

to Rakotch [8], Sehgal [9] and Guseman [6]. A mapping T satisfying condition

(BRS) will be .simply termed a (BRS)-contractive mapping on X, in honor of

Banach, Rakotch and Sehgal, since in case 9 being a singleton (i.e., A" is a

metric space) the function Xp was introduced by Rakotch and N(x) by Sehgal,

both obtained a generalization of the Banach contraction principle. Originally,

Sehgal also assumed the continuity of T in his result. The removal of this

continuity condition was due to Guseman. Combining and extending their

arguments, we present a brief proof of the theorem showing some essential

points involved.

Proof of Theorem 1. First, note that condition (BRS) implies that for each

x E X, and p E <?,

(I) a(x,p) = snp{p(T"(x),x): n E N} is finite.

To see this, let

ß - max{p(T*(;c),;t): k - 1,2,3.N(x)}.

For« 6 N with « > N(x) = N, let s E N be such that sN < n < (s + l)N,

and denote p¡ = p(T"~iN(x),x), k¡ = Xp(p¡) for / = 1, 2, 3,.... s. Then
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p(T"(x), x) < p(TN(x), TN(Tn-N(X)))+p(Tx(x), x)

< kxPx + ß < • • •

< kxk2k3---k¡Pi

+(kxA2A3 • • • A,_1 + •■• + kxk2 + kx + l)ß

for all i. Denoting / to be the smallest integer i with p¡ < ß (if no such / exists,

take t = s + I and AJ+1 andps+x below will then be taken as zero), one has

Pj~> ß for all/ = 1, 2, 3.t — 1. Hence by the monotonicity of X , kj

< a.(/j) s A for all such/. Then

TXrix),*) < A'_1A,/>, + (A'-1 + • • • + A2 + A + T)ß < 0 + ß/(l - k),

which is a finite number independent of n. Hence a(x,p) is finite.

Next, applying (1), condition (BRS) implies further that for each x E X,

(2) the sequence {Tn(x)} contains a Cauchy subsequence.

In    fact,    denote    xQ = x, mQ = N(xQ),    and    inductively    define    xn

= 7m"-'(•*„_! ), m„ = N(xn) for each n E N. Then we show that {sn} is the

required Cauchy subsequence. It suffices to show that for a given p E 9 and

a given e > 0,

P(xn+Vxn+k+\) < e   for all A E N

when « is large enough. To this end, let n E N be fixed and denote

q¡ = />(*„_,•, F*^^-,)) and c, = Â/a,) for i = 0, 1, 2, ..., n, where m(k)

= mn+\ + w«+2 + • • • + «„+*■ Then

< c0?0 < ••• < c0cxc2 ■■■ciq¡

for / = 0, 1, 2, ..., n. If a( < £ for some /, thenp(xn+x,xn+k+x) < e, and we

are through. Hence we may assume that q¡ > e for all / = 0, 1, 2, ..., n.

Then c¡ < À.(e) = c for all such /', and hence

/X*„+i> *„+*+! ) < c"ln < c"«(*./>)>

which is a number independent of A and is less than e if n is large enough since

c E [0,1) and £*(*,/>) is finite.

Now, since X is sequentially complete, the Cauchy sequence defined in the

above proof converges to a point, say u E X. We show that u is in fact a fixed

point of T. First, note that condition (BRS) implies that

p(TN^(xn),TN^(u)) < Xp(p(xn,u))p(xn,u) < p(xn,u)
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for allp e 9, so that lim TN(u)(xn) = TN{u)(u). Hence for eachp G 9,

p(TN^(u),u) = hm p(TN^(x„),x„)

since p is continuous in X . But, by an argument similar to that used in the

proof of (2), one shows easily that lim p(TN^u)(xn), xn) = 0, so that

p(TN{u)(u),u) = 0 for allp G 9. Hence TN{u)(u) = u, i.e., t/is a fixed point

of TN{u). Then by condition (BRS) again, u is the unique fixed point of TN{u)

and, hence, is also the unique fixed point of T since

TNM(T(u)) = T(TNM(u)) = T(u).

Finally, lim T"(y) = u for each j» G X. This can be proved by a modifica-

tion of the argument used in the proof of (2). We omit it here.

Remark 2. In condition (BRS), if N(x) = 1 for all x E X and Xp = a

constant for eachp G 9, then Theorem 1 reduces to Theorem 2.3 by Tan [10]

(cf. also Theorem 1.1 by Tarafdar [11]). Applying his Theorem 2.3, Tan

obtained several interesting results. We note that these results either are

special cases of Theorem 1 here or can be improved by applying the more

general Theorem 1 here. As examples, we mention that his Corollary 2.5 is a

special case of Theorem 1 here, and his Corollary 2.6 is another special case

of the following corollary to Theorem 1.

Corollary 1.1. Suppose that X is sequentially complete and thai there are self-

mappings R, S on X such that the composition RS is the identity mapping on X

and such that STR is a (BRS)-contractive mapping on X (see Remark 1). Then T

has a unique fixed point u E X and for each y E X, R(lim ST"R(y)) = u.

Remark 3. In Theorem 1, it is not assumed that For even any of its iterates

T" is continuous. It seems interesting to see that condition (BRS) can be

weakened or replaced by some other kinds of conditions when the continuity

is assumed and/or only parts of the conclusions are to be deduced. Some

results of this type will be given in the next two sections. In fact, in §3, for a

continuous mapping to have a fixed point, various sufficient conditions are

presented (the conditions are so weak that the net 0(x, T) may even have

more than one cluster point). To the contrary, in §4, the existence of fixed

points for the mapping is assumed, and then some of the conditions consid-

ered in §§2 and 3 are weakened to ensure that, among others, either

L(x, T) Q F(T) or L(x, T) n F(T) * 0, where F(T) is the set of all fixed

points for T.

3. Existences of fixed points. To obtain the results indicated in Remark 3,

we first give a sufficient condition for the set L(x, T ) to be nonempty. This

involves the notion of the measure of compactness for sets in X, which was
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first used by Furi and Vignoli [5] for fixed point theorems in metric spaces.

Definition 1 (cf. [5]). For A ç X, the measure of compactness for A is the

extended real number a(A) = inf {r: r > 0 and for each p E $ there exists a

finite cover of A by sets of p-diameter less than r}.

Note that by the convention that inf(0) = +co, a(A) is defined for all

A Q X. Note also that if a(A) = 0, then A is totally bounded, and that the

closure of a totally bounded set is compact provided that X is complete. (For

the notion of total boundedness, see Kelley [7, p. 198].)

Definition 2 (cf. [5]). A mapping T is said to be densifying on A if

a(T(A)) < a(A) whenever a(A) > 0.

The following proposition is an easy consequence of the above definitions.

Proposition I. If T is densifying on A and if A = T(A) U B, where B is
totally bounded, then A is totally bounded.

Lemma 1. If X is complete, and for some m E N, Tm is densifying on

0(x, T), then C(x, T) is compact (and hence L(x, T) is nonempty).

Proof. Since Tm(0(x, T)) U {Tk(x): A - 0,1,2,... ,m - 1} = 0(x, T),

0(x, T) is totally bounded by Proposition 1. But C(x, T) is just the closure of

0(x, T). Hence C(x, T) is compact.

Remark 4. From the conclusion of Theorem 1, one sees easily that a (BRS)-

contractive mapping T on a complete space X is densifying on 0(x, T) for

each x E X.

Theorem 2. Let X be complete, T continuous, and for some m E N, Tm be

densifying on 0(xQ, T)for a x0 E X. If one of the following conditions holds,

then T has a fixed point in C(xn, T), and the fixed point is unique in X if (I) or

(II) holds.

(I) There exists a lower semicontinuous function F: X2 -* (-co,+co) such that

for x,y E X with x # y,

F(TN(x),TN(y))<F(x,y)

for some N E N.
(II) For x,y E X with x # v, there exists N = N(x,y) E N such that for all

pE%

p(TN(x), TN(y)) < p(x,y)   when p(x,y) > 0,

= 0 whenp(x,y) = 0.

(III) For each x E X with Sp(0(x, T)) > 0 for some p E % C(x, T)

# C(TN(x), T)for some N E N, where 8p(A) denotes the p-diameter of A.

(IV) If{Tni(xQ): i E I) is a convergent subnet of the net O(x0, T), then
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limp(T"'(x0),Tn>+l(xQ)) = 0  for allp G 9.

Remark 5. For 9 = a singleton, condition (I) with N = 1 has been

considered by Furi and Vignoli [5], (II) by Bailey [1], and (III) by Belluce and

Kirk [2]. (For (IV), cf. [3] and [11], where the asymptotical regularity of F was

considered.) We give a proof of the theorem to show the various arguments

involved. It seems interesting to note that for the metric space case, condition

(I) holds whenever (II) holds, so that in this case, the theorem involving (II) is

just a special case of the theorem involving (I). However, in the general setting,

whether this is still true requires further investigation (cf. the proof below).

Proof of Theorem 2. Note first that it is clear that under conditions (I) or

(II), T has at most one fixed point in X. Hence it remains to show that T does

have a fixed point in C(x0) = C(x0, T). Next, note that, by Lemma 1, C(xQ)

is compact, and, furthermore, T(C(xQ)) Q C(xQ) since T is continuous.

(i) Suppose that (I) holds. Then the lower semicontinuous function tp,

defined by tp(x) — F(x, T(x)), assumes a minimum in the compact set

C(x0), say at u G C(x0). If T(u) # u, then by (I), <p(TN(u)) < <p(«) for some

N G N. But TN(u) G C(xQ), contradicting the minimality of <p(u). Hence

T(u) - u.

(ii) Suppose that (II) holds. Consider the function F defined by F(x,y)

= sup{p(x,v): p G 9). Since eachp G 9 is continuous, Fis lower semicon-

tinuous. Hence as in (i), the function <p(x) = F(x, T(x)) assumes a minimum

in C(x0), say at m G C(x0). We show that T(u) = u (noting that this does not

follow from (i) since whether or not the function F defined here does satisfy

the strict inequality in (I) is not clear). Suppose to the contrary that T(u) # u.

Then cp(u) > 0. Denote N0 = 0,9X = {p: p E 9 andp(TN°(u), TN°+l(u))

> 0}, and inductively for n E N define Nn to be the smallest integer such that

j<r*(«xr*+,(ii)) <p(tn->(u), r"~<+,(«))

for all p G 9„, and 9„+x = {p: p E 9 andp(TN"(u), TK+](u)) > 0}. Then

note first that for n G N, if k < Nn, then

(3) p(Tk(u), Tk+](u)) > p(TN->(u), TN->+\u))

for allp G 9. Now, since C(x0) is compact, the net {TN"(u): n G N} in C(x0)

has a subnet {TN"^(u): i E 7} converging to, say, v E C(xQ). Then by the

continuity of T and p E 9, one has

p(Tk(v), Tk+\v)) = limp(F*+^(M),F*+;V"0>+1(w))

for all p E 9 and for all k = 0, 1, 2,_And then using (3), one shows that
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p(Tk(v),Tk+x(v))>p(v,T(v))

for all p and A involved. This, by (II), is possible only when p(v, T(v))

= 0 for all p E 9. But then <p(v) == 0 < <p(u), contradicting the minimality of

<p(u) since v E C(x0). Hence one must have T(u) = u.

(iii) Suppose (III) holds. Consider the family of sets 3F = {K: K is a

nonempty closed subset of C(x0) and T(K) Q K), which is nonempty since

T(C(x0)) ç C(x0). Partially order 9" by inclusion. Then by the compactness

of C(x0), one can apply Zorn's lemma and obtain a minimal element K0 in 9.

Let « E /C0;one has by the minimality of K0 that C(u, T) «■ K0. Suppose that

K0 contains another point v. Then there exists p E 9 with p(u, v) > 0, so that

8p(O(u,T)) = 8p(K0)>0.

Then by (III), C(u, T) ¥= C(TN(u), T) for some N E N. This contradicts the
minimality of K0 since C(TN(u), T) E #and C(TN(u), T) ç C(u,T)

= /f0. Hence K0 contains only one point u and hence it is a fixed point of T.

(iv) Suppose (IV) holds. Then each u E L(x0, T) (which is nonempty) is a

fixed point of T. In fact, for u E L(x0), converging to u there is a subnet

{Tni(xQ): i E /} of the net 0(xQ, T). Then by the continuity of Tandp E 9

and by (IV), one has

p(u,T(u)) = lim p(Tn>(xn),Tn>+x(xn)) = 0

for all p £ <?, so that T(u) = «, completing the proof.

Corollary 2.1. Let X be complete, and for some m E N, n E N, T" be

continuous and Tm be densifying on O(x0,Tn)for a x0 E X. If one of the

following conditions holds, then T has a fixed point in C(xQ, T"), and the fixed

point is unique in X.

(I)s There exists a lower semicontinuous function F: X2 -* (-co, +co) such

that for x, y E X with x ¥= y,

F(TnN(x), TnN(y)) < F(x,y)

for some N £ N.
(II)s For x,yEX with x ¥= y, there exists N £ N such that for all p E 9,

p(TnN(x), TnN(y)) < p(x,y)   when p(x,y) > 0,

= 0 when p(x,y) = 0.

Proof. Applying Theorem 2 to the mapping T", one concludes that in

X, T" has a unique fixed point u E C(x0, T"). Then it follows that u is also

the unique fixed point for T.
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Remark 6. The conditions involving the continuity and densifyingness in

Theorem 2 are thus weakened (when n > 1) in the corollary, while conditions

(I) and (II) are strengthened to (I)s and (II)s. On the other hand, replacing the

continuity condition by the stronger condition of being 9-nonexpansive, we

can weaken the other conditions. In fact, we have the following result.

Theorem 3. Let X be complete, and for some m E N, Tm be densifying on

O(x0, T)forax0 E X. Suppose further that T is 9-nonexpansive on X, i.e.,

p(T(x), T(y)) < p(x, v)   for all x, y E X and allp E 9.

If one of the following conditions holds, then lim T"(x0) exists and is a fixed point

ofT.
(II)w For x,y E X with x # y, there exist p G 9, N G N such that

p(TN(x),TN(y))<p(x,y).

(III)w For each x E X, if 0(x, T) contains more than one point, then there

exists p E 9 such that T is not p-isometric on 0(x, T), i.e., there are some

nonnegative integers M, N, K such that

p(TM+K(x), TN+K(x)) * p(TM(x), TN(x)).

(IV)w There exists a convergent subnet {T"'(x0): i E 1} of the net O(x0, T)

such that

limp(r'"(x0), T"i+l(x0)) = 0   for all p E 9.

Remark 7. It is sufficient to assume that L(x0, T) is nonempty instead of the

conditions involving completeness and densifyingness. Doing this, the theorem

involving (II)w has been obtained by Tan [10] and that involving (HI)w is just

an extension of Theorem 2.2 in [2] by Belluce and Kirk. The part of the proof

involving (IV)w is trivial, while the other parts follow immediately from the

following result, which can be deduced easily from Theorem 1 in [4] by

Edelstein. We omit all the proof here.

Theorem A. If T is 9-nonexpansive on X and u G L(x0, T)for a xQ G X,

then T is p-isometric on 0(u, Tjfor all p E 9, i.e.,

p(TM+K(u),TN+K(u))=p(TM(u), TN(u))

for all nonnegative integers M, N, K and for all p E 9.

4. Quasi-contractive mappings. Let F(T) be the set of all fixed points of T in

X and suppose that it is nonempty. In this section, contrast the contractive

mappings (i.e., mappings which shrink "distances" of points in some manner



156 CHEN-MING LEE

like (BRS), (II), etc.) considered in the previous two sections, we will consider

their corresponding awoj/'-contractive mappings (by which we mean mappings

which shrink distances between points and the set F(T)).

For A Q X, p E 9, define for each x E X,

p(x,A) = mf[p(x,a): a E A).

Then one shows easily thatp(-,A) is continuous in X. Note also that a point

u £ X is in the closure of A if and only if p(u, A) = 0 for all p £ 9.

The following lemma, similar to Theorem A in the last section, is our

starting point.

Lemma 2. Suppose that T is 9-quasi-nonexpansive on X with respect to F(T),

i.e., for all x £ X and p E 9,

(4) p(T{x),F(T))<p(x,F(T)).

Then for u,v £ L(x,T),

p(u,F(T))=p(v,F(T))  for allPE 9.

Proof. The sequence {p(Tn(x), F(T))), being monotone decreasing by (4),

converges to a nonnegative number, say o. Now, of the net {T"(x): n E N},

let{T"'(x): i £ /} be a subnet convergent tow. Then {p(Tn'(x),F(T)): i £ /}

is a subnet of the convergent net {p(T"(x),F(T))}, and hence must converge

to a, too. It then follows from the continuity of p(-, F(T)) that/K«, F(T)) = a.

Similarly, p(v,F(T)) = o.

Theorem 3q. Suppose that Tis continuous and 9-quasi-nonexpansive on X with

respect to F(T). If one of the following conditions holds, then L(x, T) Q F(T).

(II)wq For each y g F(T), there exists p £ 9 and N E N such that

p(TN(y),F(T))*p(y,F(T)).
(IV)w There exists a convergent subnet {Tn'(x): i £ 7} of the net {Tn(x): n

£ N} such that limp(T'"(x), T"i+l(x)) = Ofor all p E 9.

Proof. Let « E L(x, T). We show that u E F(T). If (II)wq holds and

u £ F(T), then there exist pQ E 9 and N £ N such that

(5) Po(TN(u),F(T)) * pQ(utF(T)).

But since T is continuous, Tk(u) £ L(x, T) for all A £ N, and hence by

Lemma 2, p(Tk(u),F(T)) =p(u,F(T)) for all p E 9 and A E N, which

contradicts (5). Hence « E F(T). If (IV)w holds, then lim 7""(x) = v

£ L(x, T) and then
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p(v, T(v)) = hxnp(Tn'(x), T"'+l(x)) = 0   for allp G 9

since both p and T are continuous. Hence T(v) = v, i.e., v

E F(T) and hencep(v,F(T)) = 0 for allp G 9. Then it follows from Lem-

ma 2 that p(u,F(T)) = 0 for all p g 9 since both u,v E L(x, T). Therefore

u is in the closure of F(T), and hence in F(T) since F(T) is closed by the

continuity of T.

Remark 8. Note that under condition (II)wq, the set L(x, T) may be empty.

One way to ensure that L(x, T) is nonempty is to assume that X is complete

and that Tm is densifying on 0(x, T) (see Lemma 1 in §3). It seems worthwhile

to note that under the additional assumptions, one has that the sequence T"(x)

is convergent when L(x, T) is a singleton. In fact, if L(x, T) contains only one

point, say u, then lim T"(x) = u. For otherwise, there would be a subnet

{Tn'(x): i G 7} of the net {T"(x): n G N} such that {Tn'(x)} has no subnet

converging to u. But as a net in the compact set C(x, T), (T"¡(x)} has a subnet

converging to a point v E L(x, T). But then u # v, a contradiction. On the

other hand, even without the additional assumptions, one sees easily that

L(x, T) must lie on the boundary of F(T) when L(x, T) contains more than

one point. For further structures of the set L(x, T) under various other

canditions, see Diaz and Metcalf [3] and Tarafdar [11],

Remark 9. From the last part in the proof of Theorem 3q, one sees that

"L(x, T) Q F(T)" is an immediate consequence of the condition "L(x, T)

D F(T) # 0" provided that T is continuous and iP-quasi-nonexpansive. The

following results, parallel to Theorems 2 and 1, give sufficient conditions for

L(x, ) D F(T) # 0.

Theorem 2q. Let X be complete, T continuous, and for a m E N, Tm

densifying on 0(x, T). If F(T) is nonempty and

(II)q for each y G F(T) there exists N EN such that for allp E 9,

p(TN(y), F(F)) < p( v, F(T))   when p( v, F(T)) > 0,

= 0 when p(y,F(T)) = 0,

then L(x, T) D F(T) * 0.

Proof.  If Tk(x) E F(T) for a nonnegative integer k,  then Tk(x) G

L(x, T) D F(T). Suppose that Tk(x) G F(T) for k - 0, 1, 2, 3.Similar

to (ii) in the proof of Theorem 2, let N0 = 0 and 9Q = {p: p E 9 with

p(TN°(x),F(T)) > 0}, and inductively define for each »eN,JV„ to be the

smallest integer such that

p(TN'(x),F(T))<p(TN-'(x),F(T))   for allp G *„_,

and 9n - (p: p G 9 withpír^M.Ftr)) > 0}. Then for t < Nn, one has
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(6) p(Tt(x), F(T)) > p(TN-i (x), F(T))   for all p E 9.

Now, since C(x, T) is compact, the net {TN"(x): n E N} contains a conver-

gent subnet {TN<»(x): i £ /}, say converging to u E L(x, T) Ç C(x, T). By

the continuity of p(-,F(T)),

p(T'(u), F(T)) = timp(T,+N<»(x),F(T))

for all p E 9 and all / = 0, 1, 2,_ Hence it follows from (ô) that

p(T'(u),F(T)) > p(u,F(T)) for all such p and /. Then (II)q implies that

p(u,F(T)) = 0 for allp E 9. Hence u is in the closure of F(T) and hence in

F(T) since F(T) is closed.

Theorem lq . Let F(T) be nonempty and compact. Suppose that the following

condition holds:

(BRS)q For each p £ 9 there exists a function Xp: [0, +oo) -» [0,1) which is

monotone decreasing on (0, +co) and for each y E X ~ F(T), there exists

N = N(y) £ N ímcA that

p(TN(y),F(T)) < Xp(p(y,F(T)))p(y,F(T)).

Then for each x E X, the sequence [T"(x): «EN} Aas a subsequence converg-

ing to a fixed point of T provided that either 9 isa singleton or F(T) is a singleton.

Proof. Let x £ X be fixed and define x0 = x, mn = N(x0) and inductive-

ly xn = Tm"-l(xn_x), mn = N(x„) for «EN. Then modifying parts of the

argument in the proof of Theorem 1, one shows that lim p(xn,F(T)) = 0 for

allp E 9. Hence it follows that lim xn = u provided that u is the only element

in F(T). If it us that 9 is a singleton, say 9 — {d) (i.e., A' is a metric space),

then by the compactness of F(T), the continuous function d(xn, •) assumes the

value d(xn,F(T)) in F(T), say at un E F(T) for each n. Then

lim d(xn,u„) = lim d(xn,F(T)) = 0.

Without loss of generality since F(T) is compact, we may assume that {«„}

converges to an element u £ F(T). Then

d(xn,u) < d(x„,un) + d(un,u),

so that lim xn — u E F(T), completing the proof.

Remark 10. It would be interesting to see when the condition that either 9

or Ft7) is a singleton can be removed from Theorem lq.
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